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Abstract
In high energy p(p) + p interactions the mean multiplicity and transverse mass spectra of neutral mesons from η to Υ
(m∼= 0.5–10 GeV/c2) and the transverse mass spectra of pions (mT > 1 GeV/c2) reveal a remarkable behaviour: they follow,
over more than 10 orders of magnitude, the power-law function: Cm−P
(T )
. The parameters C and P are energy dependent, but
similar for all mesons produced at the same collision energy. This scaling resembles that expected in the statistical description of
hadron production: the parameter P plays the role of a temperature and the normalisation constant C is analogous to the system
volume. The fundamental difference is, however, in the form of the distribution function. In order to reproduce the experimental
results and preserve the basic structure of the statistical approach the Boltzmann factor e−E∗/T appearing in standard statistical
mechanics has to be substituted by a power-law factor (E∗/Λ)−P .
 2001 Elsevier Science B.V.
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It is well-established that basic properties of hadron
production in high energy collisions approximately
follow simple rules of statistical mechanics. A prin-
cipal assumption of statistical models of strong inter-
actions [1] states that the single particle energy dis-
tribution in the local rest frame of hadronizing matter
follows a Boltzmann form:
(B.1)dn
dp∗
∼ exp
(
−E
∗
T
)
,
where E∗ =√m2 + p∗2 =mT cosh(y∗) is the hadron
energy (mT ≡
√
m2 + p2T is the transverse mass and
y∗ is the local hadron rapidity) and T is a common (for
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all particles) temperature parameter usually extracted
by a comparison with the experimental data. In the
fixed rest frame (e.g., in the c.m. frame of the colliding
particles) the energy E∗ equals to mT cosh(y − y ′),
where y and y ′ are the rapidities of considered
particle and the ‘hadron fluid elements’ (fireballs),
respectively.
Integration of hadron distribution along the colli-
sion axis (i.e., over y and y ′ with an arbitrary rapid-
ity distribution function, f (y ′), of fireballs) leads to
an approximately (for mT  T ) exponential form of
transverse mass spectrum [1]:
(B.2)dN
mT dmT
∼ exp
(
−mT
T
)
.
According to this approach the final state hadrons
should obey this distribution providing that collective
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transverse motion of hadronizing matter and contribu-
tions from resonance decays are neglected. Further in-
tegration over transverse mass yields an expression for
the mean hadron multiplicity, N(m), which is also (for
m T ) governed by the Boltzmann factor:
(B.3)N(m)∼ exp
(
−m
T
)
.
The exponential distributions (B.2), (B.3) are con-
firmed in high energy particle collisions by numer-
ous experimental results on pT spectra in the trans-
verse momentum region pT  2 GeV/c and on hadron
yields at m 2 GeV/c2 [2] (a correction for contribu-
tions from resonance decays is necessary for a detailed
comparison with data). For a given hadron species,
h, the normalisation factors in Eqs. (B.2), (B.3) are
proportional to a volume parameter V (a sum of the
proper volume of ‘hadron fluid elements’), which has
to be common for all hadrons, following the assump-
tion of statistical production. Additional factors are
degeneracy factor g = (2j + 1), where j is the par-
ticle spin, and a chemical factor exp(µh/T ), which
accounts for material conservation laws in grand
canonical approximation. The chemical potential µh
equals to zero for neutral hadrons (i.e., for hadrons
with zero values of the conserved charges). Conse-
quently, for neutral hadrons the exponential distribu-
tions (B.2), (B.3) with a common temperature para-
meter and a common volume parameter (multiplied by
the degeneracy factors g) are expected to be valid.
However, in high energy p+p interactions the mea-
surements of π0 meson spectra in a high pT (pT >
2 GeV/c) domain show a strong deviation from the ex-
ponential shape. In this region the distribution follows
a power-law dependence [3]. In the standard, QCD-
based, approach this behaviour is attributed to the hard
parton scattering [4]. A strong violation of the Boltz-
mann behaviour in the high mass region is also seen
in the case of mean hadron multiplicities. The hadron
yields from the η-meson (m ∼= 0.55 GeV/c2) to the
J/ψ-meson (m ∼= 3.1 GeV/c2) follow [5] approxi-
mately an exponential law (B.3). This is, however, not
true any more for the Υ meson (m ∼= 9.5 GeV/c2).
The experimental ratio of Υ to J/ψ mean multiplicity
at 800 GeV/c is [6]
〈Υ 〉
〈J/ψ〉 ≈ 10
−3,
whereas Boltzmann’s exponential law predicts:
〈Υ 〉
〈J/ψ〉 ≈ exp
(
−mΥ −mJ/ψ
T
)
≈ 10−16
for typical value of T ∼= 0.170 GeV. Thus the standard
statistical model underpredicts the experimental data
by more than 10 orders of magnitude!
In this Letter we discuss a possibility to extend
the statistical approach of hadron production in ele-
mentary hadronic interactions to the high (transverse)
mass domain. Based on experimental data we postu-
late that the energy spectrum in the local rest frame of
hadronizing matter is given by a power-law distribu-
tion:
(P.1)dn
dp∗
∼
(
E∗
Λ
)−P
,
instead of the exponential Boltzmann distribution
(B.1). We assume further that the remaining structure
of the statistical approach is unchanged. Two new
parameters appear in the proposed statistical power-
law model: a scale parameter Λ and an exponent P ,
both are assumed to be common for all hadrons. We
do not attempt here to introduce proper canonical
treatment of material conservation laws needed for
description of charged hadrons in small systems [2,7].
Therefore, we limit our analysis to the case of neutral
mesons only. Further on, in order to be able to neglect
effects of large resonance widths in the statistical
treatment we consider only narrow mesonic states.
Integration of Eq. (P.1) over longitudinal motion
results in a power-law transverse mass distribution:
(P.2)ρ(mT )≡ dN
gm2T dmT
= Cm−PT ,
where C is a normalisation parameter in which we
absorbed the dependence on the scale (Λ) and volume
(V ) parameters. As both Λ and V are assumed to be
common for all hadrons, so does the normalisation
parameter C.
The integration of Eq. (P.2) over transverse mass
yields:
(P.3)ρ(m)≡ P − 3
gm3
N(m)= C ·m−P ,
where N(m) is the hadron multiplicity.
Several nontrivial predictions of the statistical
power-law model follow from Eqs. (P.2) and (P.3):
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• both transverse mass spectra and hadron yields
should obey a power-law behaviour; the power P in
the mT -distribution, ρ(mT ) (P.2), and in the hadron
yield formula, ρ(m) (P.3), should be the same,
• the normalisation constant C also should be the
same for both mT -distribution (P.2) and hadron
yield spectrum (P.3),
• the power P and the normalisation constant C
should be universal (equivalent to the temperature
and volume parameters in the standard statistical
approach), i.e., they are the same for different
hadron species.
In order to test these predictions we plot in Fig. 1
experimental results on mT -spectra and hadron yields
for p + p interactions at √s = 27–30.8 GeV as
a function of mT and m, respectively. Within the
statistical power-law model, results on both ρ(m) vsm
and ρ(mT ) vsmT should follow the same dependence:
Cm−P(T ) .
Full dots in Fig. 1 indicate results on ρ(m) cal-
culated for the mean multiplicity of hadrons: η,ω,φ
[8], J/ψ,ψ ′ and Υ [6], whereas triangles indicate
Fig. 1. Mean multiplicity of neutral mesons (full dots) scaled
to ρ(m) (P.3) and transverse mass spectra of π0 mesons (full
triangles) scaled to ρ(mT ) (P.2) produced in p + p interactions at√
s ≈ 30 GeV as well as the quarkonium ρ(mT ) spectra (J/ψ —
crosses, ψ ′ — diamonds, Υ (1s) — stars, Υ (2s) — triangles, Υ (3s)
— squares) for p + p at √s = 1800 GeV. The solid lines indicate
power-law fits to the data.
the data on mT -spectra, ρ(mT ), of neutral pions [10].
The measurements of J/ψ,ψ ′ and Υ [6] were per-
formed for p+ S interactions at 800 GeV/c. The ex-
trapolation to p+N interactions was done assum-
ing the A0.92 dependence on nuclear mass number.
The measured energy dependence of midrapidity yield
[9] was used to calculate multiplicities at √s ≈ 30
GeV. The π0 measurements are done at central rapidi-
ties only. In order to calculate the rapidity integrated
distributions needed for comparison with the model,
we use the following approximation: dN/dmT =
d2N/(dmT dy)$y , where $y = 1. Measurements of
the transverse momentum spectra of π0 mesons per-
formed by several experiments at the ISR [10] differ
typically by a factor of about 2. This together with sim-
ilar uncertainty introduced by the extrapolation proce-
dure for rapidity integrated distributions, yield a rela-
tively large systematic error on the absolute normal-
isation of π0 spectra. An additional bias of a sim-
ilar magnitude is possible due to a missing correc-
tion for contributions from resonance decays. A more
detailed analysis is obviously needed in the future.
Nevertheless, we observe a surprising agreement over
more than 10 orders of magnitude of the experimen-
tal results with the expectations following from the
statistical power-law model. Typical deviations of the
experimental points from the universal power-law de-
pendence are of about factor 2, which is a similar mag-
nitude as the systematic errors estimated above. In the
power-law fits to the data the statistical and 50% sys-
tematic errors were added in squares. The values of the
parameter P (∼= 10) and the normalization constant C
resulting from the separate fits to the mT spectra and
hadron multiplicities are similar (for details see Ta-
ble 1). The solid line in Fig. 1 indicates a fit to the
multiplicity data.
As seen from Fig. 1 the power-law model (P.2),
(P.3) works reasonably well even for intermediate
values of m(T ) (0.5–2 GeV/c2), where the exponential
distributions (B.2), (B.3) are normally assumed, e.g.,
the power-law function (P.3) seems to describe also
the data for η and φ multiplicities. This fact requires a
further study.
In order to check whether the observed power-law
mT -scaling is valid also for higher collision energies
we compiled data on J/ψ , ψ ′ [11], Υ (1s), Υ (2s) and
Υ (3s) [12] in p + p interactions at √s = 1800 GeV
(the highest energy accessible today). The pT distrib-
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Table 1
The values of the parameters (P and C) resulting from the power-law fits (ρ(m(T ))= Cm−P(T ) ) to various data sets discussed in this letter (for
details see text). The values of χ2/ndf are also given
Data set P C102 (GeV(P − 3)) χ2/ndf
Neutral meson multiplicity at ∼= 30 GeV 10.1±0.3 3.6±1.0 1.02
mT -spectra of π0 at ∼= 30 GeV 9.8±0.1 6.1±0.9 1.4
mT -spectra of quarkonia at 1800 GeV 7.7±0.4 3.4(+4.4,−2.0) 1.13
mT -spectra of π0 at 540 GeV 8.1±0.1 129±15 1.3
utions for the quarkonia are measured at midrapidity
and they allow to calculate ρ(mT ) spectra in this re-
gion. The resulting distributions are indicated by open
symbols in Fig. 1 together with the line showing the
power-law fit (P ∼= 8, for details see Table 1) to these
data. It is seen that the distributions of quarkonia pro-
duced in p+ p interactions at √s = 1800 GeV follow
approximately the same power-law function. The rel-
ative comparison of data for different quarkonia may
be biased by a systematic error of about 50% due to
the use of midrapidity spectra instead of spectra inte-
grated over all rapidities. Therefore, as previously, in
the fit the square of the error was calculated as a sum of
the squares of statistical and systematic (50%) errors.
There are no data on π0 meson production in
p+ p interactions at √s = 1800 GeV. However, there
are measurements of π0 spectra performed close to
midrapidity (y∗ ≈ 1.4) at √s = 540 GeV which
extend up to pT ∼= 40 GeV/c [13]. The resulting
ρ(mT ) distribution is shown in Fig. 2. The fit of the
power-law function indicated by a solid line yields
P ∼= 8 (for details see Table 1), the value similar to
one obtained for quarkonium spectra at 1800 GeV. The
power-law fits to 30 and 1800 GeV data, indicated in
Fig. 2 for a comparison, are both below the spectrum
at 540 GeV. This observation may suggest a possible
violation of the scaling for π0 mesons at 1800 GeV.
This is because one may expect a monotonic increase
of ρ(mT ) at fixed mT with increasing collisions
energy and this expectation is not obeyed by the 540
GeV data. We note, however, that the measurements
of π0 spectrum at high pT region were indirect due
to difficulty to resolve single photons from π0 decay.
Therefore, a direct measurements of π0 spectrum at
1800 GeV are necessary in order to verify a validity of
the scaling in this domain.
Fig. 2. The ρ(mT ) spectra of π0 meson for p + p¯ interactions at√
s = 540 GeV. The solid line indicates a power-law fit to the 540
GeV data, whereas the two dashed lines show the corresponding fits
to the results at 30 and 1800 GeV (see Fig. 1).
What is the origin of the power-law mT -scaling ob-
served in p(p) + p interactions and not (yet) seen in
the collisions of heavy nuclei [14]? The production of
heavy hadrons (like J/ψ and Υ mesons) as well as the
power-law behaviour of pion spectra at high pT are
fitted by QCD inspired models [4,15]. However differ-
ent assumptions and parameters enter in these models
for π0 and quarkonia description. Thus the observed
power-law mT -scaling seems to be an unexpected and
interesting feature of the data which requires expla-
nation. In this context we list known to us develop-
ments which can be helpful in attempts to understand
the power-law mT -scaling. It was recently pointed out
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[16] that quantum fluctuations of the string tension
may account for the thermal features of the hadron
spectra. A possible appearance of the power-law in-
stead of Boltzmann spectrum was suggested within
thermal field theory [17] in the low temperature and
high mass limit. Generalization of standard thermody-
namics to non-extensive systems [18] leads to distri-
bution of energy in the canonical ensemble with the
power-law tail for high energies.
Finally we repeat the basic results presented in
this Letter. Properly normalized multiplicities and mT
spectra of neutral mesons from η to Υ (m ∼= 0.5–
10 GeV/c2) and mT spectra of π0 meson (mT >
1 GeV/c2) obey the mT -scaling. The scaling function
has approximately the power-law form:m−P(T ) . The val-
ues of parameter P and normalisation constant C re-
sulting from the fits to data on production of differ-
ent mesons at fixed collision energy are similar. This
scaling behaviour resembles that expected in statistical
mechanics: the parameter P plays the role of temper-
ature and the normalisation constant C is analogous
to the system volume. Thus the basic modification of
the statistical approach needed to reproduce the exper-
imental results on hadron production in p(p) + p in-
teractions in the large m(T ) domain is the change of
the shape of the distribution function. The Boltzmann
function e−E∗/T appearing in the standard statistical
mechanics has to be substituted by a power-law func-
tion (E∗/Λ)−P .
Acknowledgements
We thank F. Becattini, K.A. Bugaev, L. Gerland,
L. Frankfurt, Sh. Matsumoto, C. Tsallis, M. Thoma, R.
Renfordt, W. Retyk and M. Yoshimura for discussion
and comments to the manuscript. We acknowledge
financial support of DAAD, Germany. The research
described in this publication was made possible in part
by Award # UP1-2119 of the US Civilian Research
and the Development Foundation for the Independent
States of the Former Soviet Union (CRDF).
References
[1] R. Hagedorn, Suppl. Nuovo Cimento 3 (1965) 147.
[2] F. Becattini, U. Heinz, Z. Phys. C 76 (1997) 269;
F. Becattini, Nucl. Phys. Proc. Suppl. 92 (2001) 137;
P.V. Chliapnikov, Phys. Lett. B 462 (1999) 341;
P.V. Chliapnikov, Phys. Lett. B 470 (1999) 263.
[3] P. Darriulat, Ann. Rev. Nucl. Part. Sci. 30 (1980) 159, and
references therein.
[4] R.D. Field, R.P. Feynman, Phys. Rev. D 15 (1977) 2590;
R.P. Feynman, R.D. Field, G.C. Fox, Phys. Rev. D 18 (1978)
3320;
F.M. Borzumati, G. Kramer, Z. Phys. C 67 (1995) 137.
[5] M. Gaz´dzicki, M.I. Gorenstein, Phys. Rev. Lett. 83 (1999)
4009.
[6] T. Alexopoulos et al., E771 Collaboration, Phys. Lett. B 374
(1996) 271.
[7] J. Rafelski, M. Danos, Phys. Lett. B 97 (1980) 279.
[8] M. Aguilar-Benitez et al., LEBC-EHS Collaboration, Z. Phys.
C 50 (1991) 405.
[9] C. Kourkoumelis et al., Phys. Lett. B 91 (1980) 481.
[10] K. Eggert et al., Nucl. Phys. B 98 (1975) 49;
A. Angelis et al., Phys. Lett. 79B (1978) 505;
F. Busser et al., Phys. Lett. 46B (1973) 471;
F. Busser et al., Nucl. Phys. B 106 (1976) 1;
C. Kourkoumelis et al., Z. Phys. C 5 (1980) 95.
[11] F. Abe et al., CDF Collaboration, Phys. Rev. Lett. 79 (1997)
572.
[12] F. Abe et al., CDF Collaboration, Phys. Rev. Lett. 75 (1995)
4358.
[13] M. Banner et al., UA2 Collaboration, Z. Phys. C 27 (1985)
329.
[14] J. Harris et al., STAR Collaboration, in: Proc. of Quark Matter
Conference, Stony Brook, January, 2001.
[15] M.L. Mangano, hep-ph/9507353;
G.A. Schuler, Z. Phys. C 71 (1996) 317;
R. Vogt, Phys. Rep. 310 (1999) 197.
[16] A. Białas, Phys. Lett. B 466 (1999) 301.
[17] Sh. Matsumoto, M. Yoshimura, Phys. Rev. D 61 (2000)
123508.
[18] C. Tsallis, J. Stat. Phys. 52 (1988) 479;
For recent review see also C. Tsallis, Braz. J. Phys. 29
(1999) 1.
